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We study the superradiant instability of massive vector fields, i.e. Proca fields, around spinning
black holes in the test field limit. This is motivated by the possibility that observations of astrophys-
ical black holes can probe the existence of ultralight bosons subject to this mechanism. By making
use of time-domain simulations, we characterize the growth rate, frequency, spatial distribution,
and other properties of the unstable modes, including in the regime where the black hole is rapidly
spinning and the Compton wavelength of the Proca field is comparable to the black hole radius. We
find that relativistic effects in this regime increase the range of Proca masses that are unstable, as
well as the maximum instability rate. We also study the gravitational waves that can be sourced by
such an instability, finding that they can be significantly stronger than in the massive scalar field
case.
I. INTRODUCTION
An intriguing possibility, that has been the focus of
recent interest, is that spinning black holes could, in
fact, be unstable because of the existence of ultralight
massive bosons. This so-called superradiant instabil-
ity relies on the wave analogue of the Penrose process,
whereby waves with frequency ω < mΩH , where m is
the azimuthal number of the wave and ΩH is the black
hole horizon frequency, can superradiantly scatter off
the black hole, gaining energy and angular momentum
in the process. When this is combined with the fact
that massive bosons can form gravitationally bound
states around black holes, the “black hole bomb” origi-
nally proposed in [28] is realized: small (even vacuum)
fluctuations of a massive boson can be exponentially
amplified into large clouds that potentially gain some
non-negligible fraction of the black hole’s rotational
energy [12, 13, 35].
Hence, the superradiant instability allows astro-
physical black holes to act as particle detectors of
sorts, providing a unique method to look for weakly
coupled, ultralight massive bosons such as the string
axiverse [6, 7], the QCD axion [4, 5], or dark/massive
photons [22, 27]. The superradiant instability is
strongest for particles with a Compton wavelength
that is comparable to the radius of a given black hole,
where particles masses in the range ∼ 10−10 to 10−18
eV are probed by black holes with masses ∼ 1 to
108 M. In light of the recent observations of grav-
itational waves (GWs) from merging black holes by
LIGO [1, 2], with many more expected in the coming
years as LIGO reaches design sensitivity [3], measur-
ing black hole masses and spins from GW observations
is one promising avenue for ruling out, or providing
evidence for, the existence of such ultralight massive
fields [4, 8]; in addition the oscillating bosonic clouds
that form from the superradiant instability can be a
source of nearly monochromatic GWs, which could
also be detectable.
There have been numerous studies of the superradi-
ant instability of massive scalar fields around spinning
black holes [4, 5, 7, 10, 14], including time-domain sim-
ulations [15, 32], and studies of the gravitational ra-
diation produced [33]. Though massive vector fields,
i.e. Proca fields, can have significantly faster rates
of superradiant growth around a spinning black hole
than scalar fields, their treatment is more difficult
since, even at the level of a test field, the equations
do not decouple in the Teukolsky formalism. There
have been studies specializing to a nonspinning black
hole [20, 24, 25, 30], making use of a slow rotation
approximation for the black hole [26, 27], using effec-
tive field theory methods [19], and recent work using
a matching procedure [8] to analytically calculate the
instability rate in the nonrelativistic limit. However,
a complete picture of the superradiant instability for
massive vectors in the relativistic regime, where the
Compton wavelength of the field is comparable to the
black hole radius—which is also the regime where the
instability rate will be largest—has been lacking.
Here we attempt to address this by making use of
time-domain simulations of the full Proca equations
on Kerr spacetimes. In [32], a full 3 + 1 simulation of
such a case was performed, illustrating the superradi-
ant instability in the relativistic regime. (See also [34]
for a study of the nonlinear behavior of Proca fields
around nonspinning black holes.) However, the com-
putational expense of such simulations makes it diffi-
cult to follow such evolutions for very long times, or
to explore the parameter space. Here we use a sim-
ilar approach, but by fixing the azimuthal symmetry
of the field, we are able to reduce the computational
domain to two dimensions, which allows us to evolve
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2the fields for time scales of ∼ 105 times the horizon
crossing time of the black hole, and thus to clearly de-
termine the properties of the superradiant instability
across a range of parameters. We find that the Proca
field superradiant instability growth rate can be quite
fast, with, for example, the Proca field energy hav-
ing a minimum e-folding time of ∼ 70(M/10M) ms
for a black hole spin of mass M and dimensionless
spin a = 0.99 (for a Proca field with azimuthal num-
ber m = 1), and about 20 longer for the next lowest
azimuthal number (m = 2). We show that relativis-
tic effects extend the range of mass parameters over
which the Proca field is unstable by decreasing the
frequency of the bound states relative to the nonrel-
ativistic approximation, and come up with a simple
approximation for these corrections. We also study
the properties of the superradiantly unstable Proca
field modes, including the gravitational radiation that
they can source, finding that the GW luminosity in
the relativistic regime can be much higher than in the
equivalent scalar field case.
The rest of the paper is organized as follows. In
Sec. II we summarize the Proca field equations and
the numerical methods we use for evolving them, and
define the quantities used for analyzing the super-
radiant instability; in Sec. III we present results for
the superradiant instability including the growth rate,
frequency, mass range frequency, spatial distribution,
and GW signal of the unstable modes; in Sec. IV we
discuss these results, compare them to others in the
literature, and conclude with some directions for fu-
ture work; in the Appendix we provide some details
on numerical convergence and error estimates.
II. METHODS
In this paper, we study the evolution of Proca fields
on a fixed Kerr spacetime with mass M and dimen-
sionless spin a. We use Cartesian Kerr-Schild coordi-
nates [23] where the spacetime metric is given by
ds2 = −dt2 + dx2 + dy2 + dz2 +
2Mr3
r4 + a2M2z2
[
dt+
z
r
dz +
r
r2 + a2M2
(xdx+ ydy)
− aM
r2 + a2M2
(xdy − ydx)]2,
where (x2 + y2)/(r2 + a2) + z2/r2 = 1. Here and
throughout we use units with G = c = 1.
We consider a complex Proca field Xa = X
R
a + iX
I
a
(or equivalently, two uncoupled real Proca fields) with
equation of motion
∇aF ab = µ2Xb, (1)
where Fab = ∇aXb − ∇bXa and µ is the Proca field
mass.
Following [11], in order to make the problem nu-
merically tractable, we will assume that the Proca
field has a specific azimuthal dependence which will
allow us to make our computational domain two di-
mensional. Let Lφ be the Lie derivative with respect
to the usual axisymmetric Killing vector of the Kerr
spacetime. Then we will assume that
LφXa = imXa, (2)
where m is a non-negative integer (below we will study
m = 1 and 2). We then use a generalization of the
modified cartoon method introduced in [29] where we
take our numerical domain to be the two-dimensional
half plane given by 0 ≤ x < ∞ and −∞ < z <
∞. Derivatives in the y direction are calculated by
rewriting them in terms of x and z derivatives using
Eq. 2, and regularity is imposed at the z axis. In
Sec. III D we also perform a few shorter simulations
of the Einstein-Proca equations with just a real-valued
Proca field in a fully three-dimensional computational
domain to study GW production.
As in [34], we use a 3+1 decomposition of Xa into
a scalar χ and a three vector χi,
Xa = χa + naχ, (3)
where na is the unit vector perpendicular to slices of
constant coordinate time, and introduce an electric
field
Ei = γ
a
i Fabn
b, (4)
where γab = δ
a
b + n
anb is the spatial projection op-
erator. Also as in [34], we introduce an auxiliary
scalar field Z to dampen violations of the Proca field-
equivalent of the Gauss constraint at some prescribed
rate σ. We then evolve the real and imaginary parts
of the variables {χ, χi, Ei, Z} according to
α−1(∂t − Lβ)χi = −Ei − ∂iχ− χ∂i logα, (5)
α−1(∂t − Lβ)χ = Kχ−Diχi − χi∂i logα− Z,(6)
α−1(∂t − Lβ)Ei = KEi +DiZ + µ2χi +
ijkDjBk − ijkBj∂k logα, (7)
α−1(∂t − Lβ)Z = DiEi + µ2χ− σZ, (8)
where α and βi are the lapse and shift, respectively,
K is the trace of the extrinsic curvature, Di is the
3covariant derivative associated with the spatial metric,
ijk is the spatial totally antisymmetric tensor, and
Bi = ijkDjχk is the magnetic field. We evolve these
equations on the Kerr spacetime using fourth-order
Runge-Kutta time stepping and standard fourth-order
stencils for spatial derivatives.
For our numerical grid, we use seven levels of mesh
refinement, with 2:1 refinement ratio, centered on the
black hole. For the results presented below, we use a
grid with 96×192 points on each mesh refinement level
and a corresponding resolution of dx/M ≈ 0.0256 on
the finest level, or better. More details on the res-
olution, as well as numerical convergence and error
estimates are given in the Appendix.
A. Measured quantities
The energy-momentum tensor associated with the
Proca fields is given by
Tab =
1
2
(FacF¯bd + F¯acFbd)g
cd − 1
4
gabFcdF¯
cd
+
µ2
2
(XaX¯b + X¯aXb − gabXcX¯c), (9)
where the overbar indicates complex conjugation. Us-
ing the time and axisymmetric Killing vectors of the
Kerr spacetime, we can define an energy
E :=
∫
−T tt
√−gd3x :=
∫
ρE
√
γd3x (10)
and angular momentum
J :=
∫
T tφ
√−gd3x :=
∫
ρJ
√
γd3x (11)
for the Proca field (where g and γ are the determinants
of the four- and three-metric, respectively), along with
associated energy and angular momentum densities on
slices of constant coordinate time. We will make use of
these quantities, evaluated in the exterior of the black
hole horizon. Any change in E and J will be due to a
flux of these quantities through the black hole horizon,
which can be calculated in terms of surface integrals
over the horizon:
E˙H =
∫
−αT it dAi (12)
and
J˙H =
∫
αT iφdAi. (13)
III. RESULTS
A. Onset of linear instability
In order to study the superradiant instability we
start with some, essentially arbitrary, initial data and
evolve it until the solution becomes dominated by the
most unstable mode (consistent with the specified az-
imuthal symmetry). We illustrate this in Fig. 1 where
we show the energy and angular momentum of the
Proca field as a function of time for several cases with
a = 0.99, m = 1, and µ˜ := Mµ = 0.3, 0.4, and 0.5.
After a transient phase, the solution clearly settles
into exponential growth allowing for the instability
growth rate and other properties of the dominant un-
stable mode to be measured. For these cases we find
that the energy and angular momentum grow as e2ωIt
(where the factor of 2 is included since the energy
and angular momentum are quadratic in the fields)
with MωI ≈ 7 × 10−5, 2 × 10−4, and 3 × 10−4 for
µ˜ = 0.3, 0.4, and 0.5, respectively. Here we use ini-
tial data given by χx = −iχy = Ae−r/r0/γ1/2 and
χz = χ = E
i = 0, though other configurations give
similar results (but may take longer for the most un-
stable mode to clearly emerge). As shown in Fig. 2, as
the most unstable mode dominates, the ratio of Proca
field energy to angular momentum becomes roughly
constant. Correspondingly, the ratio of the flux in en-
ergy and angular momentum across the black horizon
settles to another (albeit somewhat noisier) measure
of this same value. This can be used as a measure
of the real part of the frequency ωR of the unstable
mode.
In the remainder of this paper, we will concentrate
on properties of the dominant unstable mode for var-
ious values of the Proca field mass, 0.18 ≤ µ˜ ≤ 1.1;
black hole spin, 0.7 ≤ a ≤ 0.99; and azimuthal num-
ber, m = 1 and 2. For comparison, we recall the re-
sults in the literature obtained in the limit of µ˜  1,
where the bound modes of the Proca field resemble
that of a hydrogen atom [8, 19, 20, 27, 30]. Since here
we look for the fastest growing mode with a given
value of m (1 or 2) we expect to see the m = j = `+1
modes where j and ` are, respectively, the total and
angular momentum quantum numbers (using the no-
tation of [8]). These particular bounds states have
real frequency given by ωR ≈ µ[1 − (µ˜/m)2/2] and
a growth rate that is proportional to µ˜4m+3M−1 for
sufficiently small µ˜. The mode functions fall off ex-
ponentially with characteristic length scale (Mµ2)−1,
and the dominant m = 1 mode has spatial vector
Xi ∝ e−rMµ2(xˆ+ iyˆ)e−iωt.
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FIG. 1. The energy (top) and angular momentum (bot-
tom) in the Proca field as a function of time for cases with
m = 1 and a black hole with spin a = 0.99. After a short
transient period, the evolution is dominated by an expo-
nentially growing mode.
B. Frequency and growth rate
To begin, we focus on cases with azimuthal depen-
dence m = 1 and nearly extremal black hole spin
a = 0.99—both of which maximize the growth rate
of the superradiant instability—and consider a range
of Proca field masses. The results for the frequency
ωR := E/J and growth rate are shown in Fig. 3. For
smaller values of µ˜ we find that ωR/µ ≈ 1 − µ˜2/2 as
expected in the nonrelativistic limit where the spec-
trum of the bound states resembles that of a hydro-
gen atom in quantum mechanics [14]. Furthermore,
we find a faster decrease in ωR/µ for larger µ which is
well approximated by the addition of a µ3 term, i.e.
by
ωFit = µ
[
1− (µ˜/m)2/2− 0.33(µ˜/m)3] , (14)
where the last coefficient was found by fitting to the
measured points. Here m = 1, but we keep m in the
expression for use below, as we find that this fitting
form also approximates the m = 2 data, as well as
lower spins.
As shown in the bottom panel of Fig. 3, we find that
Proca fields with µ˜ . 0.54 are unstable, while for large
values of µ˜ the field decays. The maximum instability
growth rate for a = 0.99 is MωI ≈ 3.6 × 10−4 (with
the growth rate for the energy being twice that) and
is achieved for µ˜ ≈ 0.47. For sufficiently small µ˜, we
expect MωI ∝ µ˜7 while at larger µ the instability rate
should switch signs (and become a decay rate) when
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FIG. 2. The ratio of the energy to angular momentum
in the Proca field E/J , and the ratio of the energy flux to
angular momentum flux E˙H/J˙H through the black hori-
zon, as a function of time for cases with µ˜ = 0.3, 0.4, and
0.5, m = 1, and a black hole with spin a = 0.99. After
the onset of the instability, this ratio settles to a roughly
constant value which can be used as a measure of the fre-
quency ωR of the dominant unstable mode.
ωR = mΩH . Combining this with the above function
ωFit(µ), and fitting for the overall factor (which we
find to be close to unity) A ≈ 1.0 using the unsta-
ble points, we obtain a decent approximation for the
growth or decay rate of the dominant Proca mode in
this regime with
[MωI ]Fit = A(µ˜/m)
4m+3 [a− 2r+ωFit/m] , (15)
where here m = 1. This is the dotted line in the
bottom panel of Fig. 3.
1. Spin dependence
We also consider the behavior of the instability
growth rate as a function of black hole spin. Fixing
m = 1 and considering several values of µ˜, we ob-
tain the results shown in Fig. 4. For a fixed value of
µ˜, the instability rate decreases with decreasing spin,
and when ΩH < ωR/m, superradiance shuts off. How-
ever when ωR is not near mΩH , the dependence of the
instability rate on spin is not that strong; for exam-
ple, for µ˜ = 0.2, the instability rate only decreases by
∼ 50% going from a = 0.99 to a = 0.8.
For comparison in Fig. 4 we also show an extrapo-
lation of the spin dependence of the instability of the
form ωI ∝ r+(1− ωFit/ΩH). The choice of this func-
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FIG. 3. Measured values of the frequency of the dominant
unstable mode for m = 1, a = 0.99, and various values of
µ˜. Top panel: The real part of the frequency as measured
from the ratio of the energy to angular momentum along
with the fitting function given by Eq. (14). Bottom panel:
The growth (black points) or decay (red points) rate of the
dominant mode of the Proca field along with the fitting
function given by Eq. (15).
tional form from among other functions that decrease
with decreasing a (for the values of µ shown) and go to
zero when ωR → ΩH was made more or less arbitrar-
ily, and it seems to overestimate the spin dependence
at large spins for the higher Proca field masses, but
provides a decent match for µ˜ = 0.2. In Fig. 5 we
show the real and imaginary frequency of the domi-
nant Proca field modes for a = 0.7. The dependence
of frequency on µ is also approximately captured by
Eq. (14) obtained above from the a = 0.99 results,
which is also shown in Fig. 5. For the instability rate,
we also fit the functional form given by Eq. (15) to
these few unstable points and find a higher coefficient
than in the a = 0.99 case, A ≈ 2.3.
2. Modes with m = 2
Next we consider Proca field modes with one higher
azimuthal number: m = 2. The maximum instability
rate for these modes is significantly smaller than for
m = 1, though they are unstable for larger values of
µ˜. We show results for a = 0.99 and various values
of µ˜ in Fig. 6. Here we find that Proca fields with
µ˜ . 1.05 are unstable. The maximum growth rate
for m = 2 and a = 0.99 is MωI ≈ 2 × 10−5 and is
achieved for µ˜ ≈ 0.98. This is roughly a factor of 20
slower than the m = 1 case. Again we find that ωR
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FIG. 4. The m = 1 instability growth rate as a function
of black hole spin for several values of the Proca mass.
The dotted blue line shows the dependence ωI ∝ r+(1 −
ωR/ΩH) with the amplitude fit to the a ≤ 0.9 points.
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FIG. 5. The same as Fig. 3, but for a black hole with
spin a = 0.7. The dotted blue line in the top panel (ωFit)
is the fit from the a = 0.99 data in Fig. 3 (not the data
shown in this figure).
is well approximated by the expression in Eq. (14),
but now with m = 2. In Fig. 6 we also show the
approximation given by Eq. (15) for the instability
rate, this time with m = 2, which approximates the
trend with a best-fit amplitude of A ≈ 1.1.
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FIG. 6. Similar to Fig. 3, but for modes with m = 2 (and
a = 0.99). Top panel: The real part of the frequency as
measured from ωR = 2E/J , along with Eq. (14) (which
was obtained by fitting to the data in Fig. 3). Bottom
panel: The growth (black points) or decay (red points)
rate of the dominant mode of the Proca field along with
the fitting function.
C. Unstable mode
In addition to the frequency and instability rate, we
can also characterize the spatial structure of the dom-
inant unstable modes. In general, for smaller values
of µ˜, the modes will have larger characteristic length
scales, and be less concentrated near the black hole
horizon. This is illustrated in Fig. 7 where we show
the energy density ρE on the equatorial plane for var-
ious values of µ˜. We can see that the Proca field in
the clouds falls off exponentially at large distances,
and with characteristic length 1/(Mµ2) (or twice this
value for the energy) for smaller values of µ˜, as ex-
pected for bound states in the hydrogen atom approx-
imation. Here and below, the overall normalization of
the unstable mode is arbitrary.
We also show the energy and angular momentum
density for three representative cases with µ˜ = 0.2,
0.5, and 0.95, and m = 1, 1, and 2, respectively, in
Fig. 8. Farther away from the black hole, and in par-
ticular for the lower µ cases, the Proca cloud energy
density is roughly spherical. However, near the black
hole the Proca cloud shows deviations from spheric-
ity. This is illustrated in Fig. 9, where it can be seen
that as µ increases the unstable mode becomes con-
centrated in a smaller and smaller region around the
black hole equator.
We also show streamline plots for the spatial pro-
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FIG. 7. The falloff of energy density along the equator
for cases with m = 1, a = 0.99 and various values of µ.
The equatorial radius is multiplied by Mµ2 which sets the
length scale, and for smaller values of µ the falloff of energy
goes like exp(−2Mµ2req).
jection of the potential vectors of the dominant un-
stable modes for representative cases in Fig. 10. Over
large distances, the vector field points in a roughly
constant direction (at a given instance of time), as
expected from the hydrogenic approximation. In the
vicinity of the black hole, the field lines curve more
strongly, though this may in part be an artifact of the
particular coordinates used here.
D. Gravitational waves
In this section we address what the GW signal
would be from a superradiantly unstable Proca field.
Above we have considered configurations of a com-
plex Proca field with an azimuthal symmetry which
leads to an axisymmetric stress energy tensor. At
the test field level, this is mainly for computational
convenience since the real and imaginary parts of the
Proca field are uncoupled. However, when coupled to
gravity such a source will produce very little gravi-
tational radiation. But if we instead consider just a
single real Proca field, the oscillation of the unsta-
ble mode around the black hole will produce GWs
at a frequency 2ωR. In order to calculate the mag-
nitude of this, we take the Proca field configuration
from a simulation that has evolved sufficiently long for
the most unstable mode to dominate, and then use
just the real part of the Proca field as initial data for
a fully three-dimensional simulation where we evolve
7FIG. 8. Energy (left) and angular momentum density
(right) for cases with a black hole with a = 0.99 and (from
top to bottom) µ˜ = 0.2, 0.5, and 0.95, and m = 1, 1, and
2, respectively. The z axis is the spin axis of the black hole
and z = 0 is the equatorial plane. Note the difference in
spatial scales between the top and bottom two cases.
FIG. 9. Energy density near the black hole for cases with
m = 1, a = 0.99, and µ˜ = 0.3, 0.4, and 0.5 (left to right).
The z axis is the black hole spin axis.
both the Proca field and the Einstein field equations.
For all cases we scale the amplitude of the Proca fields
so that the initial energy is E/M ≤ 10−3, and ignore
the self-gravity of the Proca field in the initial data for
the metric. We evolve the Einstein equations using the
background error subtraction technique as described
in [16] to minimize the truncation error from just the
spinning black hole solution. After a brief transient
period, this produces a nearly monochromatic GW
signal which we measure by extracting the Newman-
Penrose scalar Ψ4.
In Fig. 11 we show the GW luminosity for m = 1,
a = 0.99, and several values of µ˜ 1. The GW lu-
minosity has been scaled with the square of the en-
ergy in the Proca field, so as to be independent of the
Proca field magnitude in the test field limit (which we
have verified to be approximately true for the values
used here). The gravitational radiation is primarily
quadrupolar, i.e. when performing a decomposition
into spin-2 spherical harmonics, the ` = |m| = 2 com-
ponents dominate. In Fig. 11 we also show the con-
tribution from higher ` components of the GW signal
(still with |m|=2), which make a larger contribution
for larger µ cases where the Proca cloud is localized
1The resolution we use for these three-dimensional simulations
to determine the GWs is equivalent to the “medium” resolution
of [18]. From one simulation at lower resolution for the µ˜ = 0.4,
we estimate the truncation error in PGW to be < 10% and to
primarily be an underestimate of the power due to the numerical
dissipation of the GWs in the wave zone, which will be less
severe for the lower µ˜ cases, which have longer wavelength GWs.
8FIG. 10. Streamlines of the real and imaginary parts of χi in the equatorial plane (z = 0; top), and in the y = 0 plane
(bottom) for snapshots from m = 1, a = 0.99, and µ˜ = 0.2 (left) and 0.5 (right). Note the difference in scales in the two
cases.
closer to the black hole and less spherical. For the
highest mass parameter considered, µ˜ = 0.5, the ` = 3
contribution is comparable to the ` = 2. This is simi-
lar to what was found for the dominant superradiantly
unstable mode in the massive scalar field case, though
the overall magnitude of the GW power found here
for vector fields PGW ∼ 10−4(E/M)2 is significantly
larger than the ∼ 10−8 values found in the scalar case
for a = 0.99 and the regime of the maximum instabil-
ity [33]. For the smaller values of µ˜ where the Proca
cloud is concentrated on scales large compared to the
black hole radius, these results should not be very
sensitive to the black hole spin, and we have verified
that for µ˜ = 0.2, the values of PGW for a = 0.7 and
a = 0.99 differ by < 10%.
Since the GW luminosity is proportional to the
square of the Proca cloud energy, while the super-
radiant growth rate is directly proportional to the en-
ergy, the importance of GW emission will increase as
the cloud grows. However, as can be seen by com-
parison with the instability growth rate (also shown
in Fig. 11 at a reference energy of E = M), it does
not appear that GW emission will significantly reduce
the growth rate of the Proca cloud due to superradi-
ance, even up to the maximum saturation energies of
E ≈ 0.09M [17], for these parameters. Though we do
not consider very small values of µ˜, the GW luminos-
ity (divided by the Proca energy squared) appears to
be falling off more steeply with decreasing µ than the
instability rate—slightly steeper than µ˜8 from the few
points measured, versus µ˜7 for the instability rate—
indicating that GW emission will be less significant
at lower values of the mass parameter. The calcula-
tion of the GW power in the small µ˜ limit performed
in [8] indicates that PGW×(M/E)2 should fall off even
more steeply, ∝ µ˜10 in that regime. The value for the
GW luminosity we find here for µ˜ = 0.2 falls between
the estimates obtained in the “flat-space” approxima-
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FIG. 11. The GW power as a function of µ˜ for the
dominant m = 1 unstable mode consisting of a single real-
valued Proca field around an a = 0.99 black hole (black
points). In addition to the total GW power, which pre-
dominately comes from the (`,m) = (2,±2) components,
we also show the contributions from the (`,m) = (3,±2)
(red Xs) and (`,m) = (4,±2) (magenta diamonds) spin-2
spherical harmonics. The GW power has been divided by
the square of the Proca field energy so as to be indepen-
dent of the magnitude of the mode, in the test field limit.
For comparison we also show the superradiant instability
growth rate of energy, at a reference energy of E = M
(blue squares). The ratio of GW luminosity to the super-
radiant growth rate for a Proca cloud of energy E would
then be given by multiplying the ratio of the black points
to the blue squares by (E/M).
tion and the one including “Schwarzschild background
corrections” in [8].
These results indicate that once the superradiant in-
stability has extracted enough rotational energy from
the black hole for the horizon frequency to decrease to
the point where superradiance shuts off, the resulting
Proca cloud can dissipate through GW radiation, in
many cases faster than the time scales on which the
higher m superradiant instabilities will operate.
IV. DISCUSSION AND CONCLUSION
We have used evolutions of the Proca equations
on black holes spacetimes to study the superradi-
ant instability for a range of parameters, finding
that the growth rate for the field can be as high as
3.6 × 10−4M−1 and 2 × 10−5M−1 for modes with
a = 0.99 and m = 1 and 2 azimuthal numbers, respec-
tively. For larger values of the Proca mass, near where
the instability growth rate is maximized, the unstable
modes are concentrated in the strong-field regime near
the black hole horizon, and relativistic effects can be
important. For the cases considered here (the fastest
growing m = 1 modes for spins 0.7 ≤ a ≤ 0.99 and
m = 2 modes for a = 0.99) we have found that the
frequency of the bound modes is well approximated
by ωR ' µ
[
1− (µ˜/m)2/2− (µ˜/m)3/3] where the last
term is an additional relativistic correction to the hy-
drogenic approximation that we have rounded to a
convenient fraction. This relativistic effect extends
the range of mass parameters which are superradi-
antly unstable, and will also determine the black hole
horizon frequency at which the instability will satu-
rate [17] and be encoded in the frequency of any GWs
sourced by such modes.
This can be used to look for, or place constraints
on, the existence of ultralight vector fields using ob-
servations of spinning black holes, for example from
observations of x-ray binaries, or from observing GW
signals. As an example of how the results obtained
here might translate into astrophysical terms, we note
that a black hole formed from the merger of two equal
mass, nonspinning black holes has a spin of approx-
imately a ≈ 0.7, which is consistent, within a 90%
confidence interval, with the final black hole spins
measured in the first two LIGO detections GW150914
and GW151226 [1, 2]. Using the above results for
GW150914 (GW151226), the postmerger black hole
with mass 62 M (20.8 M) would be superradi-
antly unstable with µ˜ = 0.18 if there existed a mas-
sive vector boson with a physical mass of 4 × 10−13
eV (1 × 10−12 eV). It would take roughly 180 e-
folds or 7 hours (2 hours) for a Proca cloud to grow
from a single particle, to the level where it had lib-
erated the E ≈ 0.018M rotational energy from the
black hole such that the horizon frequency matches
ωR. The resulting Proca cloud would emit GWs at
a frequency fGW = ωR/pi ≈ 180 Hz (550 Hz) with
power PGW ∼ 10−10 ∼ 1050 erg/s for time scales of
E/PGW ∼ 11 hours (4 hours). On a much longer
timescale of years, the m = 2 superradiant instability
could also grow, and spin the black hole down even
further.
This example is primarily for illustration, as the
work of [8]—which explores the phenomenology of
massive vector superradiance in detail—suggests that
observations of x-ray binaries with rapidly spinning
black holes have already excluded these particular vec-
tor boson masses, and more massive and/or rapidly
spinning black hole mergers will be required to place
further constraints.
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A. Comparison to other works
In this section we briefly compare the results ob-
tained here to those in the literature. The methods
used here are very similar to those in [32], which also
used simulations to follow the evolution of Proca fields
on a black hole spacetime, except without assuming
an azimuthal symmetry as we do here. In [32] su-
perradiant instability was observed in one simulation
with a = 0.99 and µ˜ = 0.4 that exhibited strong beat-
ing of multiple modes with a quoted instability rate
of MωI ∼ (5± 1)× 10−4—or half that value, depend-
ing on the quantity measured. Here we obtain that
MωI ≈ 2.4×10−4 for the same parameters, consistent
with the latter, and also find a value of MωR ≈ 0.36
that matches the lower frequency component found
there.
In this paper we have focused on studying the su-
perradiant instability in the regime where the black
hole spin and Proca mass parameter are not too small,
since the long instability time scales would otherwise
be too computationally expensive to follow with time-
domain simulations. Nevertheless, we can also com-
pare our results to those obtained in the nonrelativis-
tic regime to see if there is a region of overlap, as we
do in Fig. 12 for the fastest growing (m = 1) mode.
In [27], the authors study linear perturbations of mas-
sive vector fields around slowly rotating black holes
and fit the instability rate they find to a function like
the one used here [their Eq. (98)]; however, the overall
coefficient they find for small spins is roughly an or-
der of magnitude larger than the ones found here for
large spins (which do increase with decreasing spin).
Recently [8] have used a matching calculation to an-
alytically compute superradiance rates in the nonrel-
ativistic limit which is valid at small µ˜ but arbitrary
spin. As shown in Fig. 12, their results agree quite
well with those found here at a = 0.99 and moderate
values of µ˜, and the difference is subpercent level at
µ˜ = 0.2. At high values of µ˜, the simulation results
give faster instability rates, partly due to the rela-
tivistic corrections which reduce ωR. We also note
that despite the good agreement of the fitting func-
tion Eq. (15) with the instability rate of [8] in the
regime of moderate µ˜, the latter is actually larger by
a factor of ≈ 2 in the limit of µ˜ → 0, indicating that
these fitting functions do not fully capture the non-
relativistic limit. For lower values of black hole spin,
it does appear that lower values µ˜ have to be used
to get similar levels of agreement. For a = 0.7 (also
shown), we are not able to probe values µ˜ much below
maximum instability, where the differences are more
pronounced (though the fit extrapolated to small µ˜ is
actually closer). In [19] the instability rate is com-
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FIG. 12. A comparison of the instability growth rate for
the dominant m = 1 mode obtained here [black dots which
are fit by the dotted curve, Eq. (15)] to the nonrelativistic
approximation of [8] (blue curves) and the low-spin ap-
proximation of [27] (red curve) at two values of the black
hole spin a = 0.7 and 0.99.
puted using an effective field theory approach, also
assuming small µ˜, and a similar scaling, but a larger
coefficient is obtained. See [8] for a more detailed
comparison of these different methods.
B. Concluding remarks
We have explored the superradiant instability in the
relativistic regime, determining the growth rate, fre-
quency, gravitational radiation and other features of
the dominant unstable modes. We have extended rel-
ativistic time-domain simulations to sufficiently large
Compton wavelengths where they overlap with ana-
lytic results in the nonrelativistic limit, at least for
rapidly spinning black holes. Though here we have
focused on only the most unstable mode for the low-
est two azimuthal numbers m, techniques similar to
those used in [15] could be used to uncover a larger
spectrum of modes from time simulations like the ones
performed here. It would also be interesting to see if
the relatively simple form for the instability growth
rate and frequency found here could be derived an-
alytically as a relativistic correction in perturbation
theory.
In this study we have ignored the backreaction of
the Proca field on the black hole spacetime, except
to study the gravitational radiation in the weak field
regime. This test field treatment will no longer be
valid when the Proca grows large enough to extract
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a non-negligible fraction of the black hole’s rotational
energy. This regime is studied in [17] using these same
methods as here, but evolving the full Einstein-Proca
equations for select cases with a complex Proca field
and an m = 1 azimuthal symmetry. It is found that
the superradiant instability smoothly saturates once
the black hole has lost enough angular momentum for
its horizon frequency to match the frequency of the
Proca cloud that forms.2 Another potential direction
for future work is to study higher azimuthal number
instabilities, as well as the possibility for interactions
between different unstable modes making up a Proca
cloud, in the nonlinear regime.
For the case of a single real-valued Proca field, we
have found that the massive vector field hair that de-
velops around a spinning black hole can efficiently ra-
diate away through GW emission in the relativistic
regime, on time scales that are only a few orders of
magnitude longer than it took to develop. It would
also be interesting to see how the details of the growth
of the Proca cloud and decay through gravitational
radiation play out in the fully nonlinear case.
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APPENDIX: CONVERGENCE RESULTS
To establish numerical convergence and estimate
truncation error, we run select cases at three differ-
ent resolutions, where the lowest has dx ≈ 0.0256M
2This is likely connected to the black hole with Proca hair solu-
tions found in [21]; see also [9, 31] for studies of the analogous
charged black hole case.
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FIG. 13. Top: The energy in the Proca field as a func-
tion of time for a case with µ˜ = 0.3, m = 1 and a black
hole with spin a = 0.9, at three different resolutions. Bot-
tom: The difference in this quantity between resolutions,
scaled assuming fourth-order convergence. The feature at
early times is just truncation error from the numerical in-
tegration of the Proca energy, zeroed inside the black hole
horizon, while a sizable fraction of the initial perturbation
is falling into the black hole.
on the finest grid, and the medium and high resolu-
tions have 3/4 and 0.5× smaller grid spacing, respec-
tively. For all cases we use seven levels of mesh refine-
ment, with 2:1 refinement ratio, centered on the black
hole. In Fig. 13, we show the Proca field energy as
a function of time for an example case at these three
different resolutions. As expected, the error in this
quantity is consistent with between third- and fourth-
order convergence (with the quantities in the figure
scaled assuming the latter).
As an estimate of the truncation error in comput-
ing the instability growth rate, we list the value of ωI
found by fitting the energy to an exponential curve for
several different cases, both as computed with the low-
est resolution, and the Richardson extrapolated value
from all three resolutions. The difference between the
two values gives the approximate truncation error in
this quantity at the lowest resolution. We can see
that the error is greater for larger values of the mass
parameter and spin. In the results presented in this
paper, we use at least the medium resolution when
µ˜/m ≥ 0.4 (for m = 1 and 2), and so we also list
the values obtained at this resolution in Table I for
higher mass parameters. With these choices for reso-
lution, the truncation error in measuring ωI is . 5%
for the cases listed. The Proca field angular momen-
tum shows very similar behavior to the energy, and in
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fact the ratio of these quantities at late times varies
very little with resolution; e.g. for the cases mentioned
in this section, E/J for the low and high resolutions
differ by < 0.01%.
TABLE I. A comparison of the instability growth rate for
various cases at low (and medium for select cases) resolu-
tions, to the Richardson extrapolated value using all three
resolutions. This gives a measure of the truncation error.
µ˜ m a MωI : Low res. (med res.) Rich. ext.
0.3 1 0.90 4.59× 10−5 4.60× 10−5
0.3 1 0.99 6.58× 10−5 6.62× 10−5
0.4 1 0.99 2.36× 10−4 2.31× 10−4
0.5 1 0.99 3.0× 10−4 (3.2× 10−4) 3.3× 10−4
0.95 2 0.99 1.6× 10−5 (1.9× 10−5) 2.0× 10−5
In addition to truncation error, there will also be
systematic error due to the presence of other modes
in addition to the most unstable one, confounding the
measurement. In general, this will bias the measured
growth rate towards lower values, and the frequency
towards higher values. This is more difficult to esti-
mate since it depends on how much the initial pertur-
bation excites the other modes, and what their growth
is relative to the most unstable mode. The effects of
this will decrease the longer each case is involved, but
will likely be the dominant source of error for the cases
with slower growth ωI . 10−5M−1, since we do not
consider evolutions longer than ∼ 105M for computa-
tional reasons. As a rough indication of this, we note
that for the smallest µ˜ (leftmost) points in Figs. 5
and 6, if we instead use half the simulation time to
measure the instability rate, we obtain values that are
0.01% and 4% lower, respectively.
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